Using the family symmetry, in the neutrino mass matrix we remove the Yukawa coupling (arising in the Dirac type mass between the heavy neutrinos and light lepton doublets) dependence in the double seesaw mechanism so that it is directly proportional to the mass matrix m (nn) of heavy Majorana neutrinos. Then, the neutrino mass matrix is given by the family symmetry at high energy scale. With the permutation symmetry S 3 , we note a variety of mass hierarchies arising distinctly in neutrinos, charged leptons, Q em = − 1 3 quarks, and Q em = 2 3 quarks. Distinguishing these hierarchies, we obtain a relation between the CKM angles and the MNS angles. Finally, we comment on the approximate relation θ sol + θ c ≃ π 4 .
where α = {e, µ, τ } is the weak eigenstate index and i = {1, 2, 3} is the mass eigenstate index. The |α → |β transition amplitude in the time interval t is [1] ,
Then, the survival probability of flavor ν α at high energy E is given by
where ∆m 2 ij = m 2 i − m 2 j . Currently, the disappearance data from atmospheric and solar neutrinos point toward the following form,
where × is unspecified. Motivated by this observation, recently a tri-bi-maximal mixing form has been suggested [2, 3, 4] ,
which is possible starting from some discrete symmetries such as the permutation symmetry S 3 [3] and tetrahedral symmetry A 4 [4] . Note that there does not exist a measurable CP phase in this form. Since the neutrino mixing matrix involves the unitary matrices diagonalizing charged lepton and neutrino mass matrices, one must consider both of these unitary matrices. With the S 3 symmetry, for example, the charged lepton and neutrino mass matrices are assumed to take different representations under S 3 . One simple choice is assuming that charged leptons are singlets under the discrete group and the form (1.5) is obtained purely from the neutrino mass matrix. Another possibility is to assume a bi-maximal form for the neutrino mass and a tri-maximal form for the charged lepton mass as done in Ref. [3] . Certainly, the latter choice is very appealing in the simplicity of explaining both the bi-maximal [5] and tri-maximal [3] structures in a single mixing matrix of (1.5) .
But there exists another complication due to the hypothetical mechanism for generating neutrino masses. In the standard model(SM), there exist renormalizable couplings for charged lepton masses. But to generate neutrino masses at the SM level, non-renormalizable dimension-5 couplings are needed. To obtain these through the seesaw mechanism, one needs heavier neutrinos, collectively represented as n. Then, the above attractive proposal of the bi-and tri-structure is more involved.
Thus, it is of utmost importance to relate the neutrino mass matrix and the n mass matrix, or there are too many parameters to be assumed to specific values. For this purpose, we introduce a family symmetry and use the double seesaw mechanism to relate neutrino and n mass matrices. In this process, we need two types of heavy neutrinos, collectively represented as n and N types and two continuous symmetries F 1 and F 2 . Specifically, the dependence of neutrino mass matrix on the Yukawa couplings involving N and lepton doublets are removed, which will be shown to be possible by a hierarchy of singlet vacuum expectation values(VEVs).
Another appealing phenomenological relation is the sum rule of the solar neutrino mixing, θ sol , and the Cabibbo angle, θ c ,
Already there exist many ideas trying to explain the above relation [5, 6] with GUTs and with the quark-lepton complementarity idea, but none of them removes the Yukawa coupling dependence in the neutrino mass matrix. In Eq. (1.6) , θ sol appears in the MNS matrix which is given by diagonalizing neutrino and charged lepton mass matrices, 7) and θ c appears in the CKM matrix which is obtained by diagonalizing Q = 2 3 and Q = − 1 3 quark mass matrices,
To relate the mixing angles of the leptonic sector and the quark sector, one must unify leptons and quarks, or go beyond the SM to grand unified theories(GUTs) or the quark-lepton complementarity. Here, we will be interested in the above sum rule also, and employ the quark-lepton complementarity idea. But we will not discuss any specific model in detail.
At the SM level, there are four types of mass matrices: Q em = − 1 3 quark mass matrix m (d) , Q em = 2 3 quark mass matrix m (u) , Q em = −1 charged lepton mass matrix m l , and Q em = 0 neutrino mass matrix m ν . GUTs relate some of these mass matrices. The well-known one is the SU(5) relation with a Higgs quintet generating both Q em = − 1 3 quark and Q em = −1 lepton mass matrices [7] . Then, we obtain a relation between four unitary matrices, U CKM , U MNS , and two unitary matrices U ν and U (u) which diagonalize m ν and m (u) , respectively. Here, usually U CKM and U MNS are phenomenologically determined and U ν and U (u) are given theoretically. Thus, in addressing the above questions, it is suggested that the relation arises naturally from a proposed discrete symmetry.
The four types of fermions have distinct mass hierarchies. The charged leptons and down type quarks have the similar pattern for masses, m e,d ≪ m µ,s ∼ 1 20 m τ,b . The neutrino mass hierarchy is quite different from this,
where the LHS is for the solar neutrino oscillation and the RHS is for the atmospheric neutrino oscillation. Finally, the up type quark masses are distinct from any of the above patterns,
(1.10)
The pattern (1.9) hints two almost degenerate neutrinos compared to the other neutrino, and the pattern (1.10) hints two almost massless quarks compared to top quark. These observations can be used as an input in the mixing angle relation.
In this paper, we consider the permutation symmetry S 3 for the family symmetry.
In Sec. 2, we introduce two continuous quantum numbers F 1 and F 2 to relate the neutrino masses and the n masses via the double seesaw mechanism. In Sec. 3, distinct patterns of neutrinos, charged leptons, Q em = − 1 3 and Q em = 2 3 masses are used to obtain the tri-bi-maximal MNS unitary matrix. In Sec. 4, we relate U CKM and U MNS and obtain an approximate relation θ sol + θ c ≃ π 4 . Sec. 5 is a conclusion.
Neutrino masses induced by heavy neutrinos
The charged lepton and quark masses arise from the dimension four Yukawa couplings
where all the fermions are represented in terms of left-handed Weyl fields, q and l are the quark and lepton doublets, and we used the two Higgs doublet notation with hypercharges Y (H 1 ) = − 1 2 and Y (H 2 ) = 1 2 . If we introduce only one Higgs doublet H 1 , then we replace H 2 by −iσ 2 H * 1 . In Eq. (2.1), the roman characters I, J represent the family indices. The quark and lepton masses between families are distinguished by the difference of their Yukawa coupling strengths. The smallness of Cabibbo angle in the two family case is due to the hierarchy f 12 , f 21 , f 11 ≪ f 22 . For the three family case, we have f 22 , f i3 (i = 1, 2) ≪ f 33 .
The gauge symmetry does not allow masses of neutrinos. To obtain neutrino mass, we must introduce more field(s). We adopt the seesaw idea of introducing SM singlet (neutral) heavy fermion(s), n. Then neutrino masses can arise through the seesaw mechanism, symbolically written as
where v is the vacuum expectation value of the Higgs doublet H 2 , andM is the Majorana mass of the heavy neutrino(s). Because the Yukawa coupling appears as f 2 in the numerator, it is not expected that the single seesaw would remove the f 2 dependence. To remove the f 2 dependence, we must have the same f 2 appearing in the denominator also. For this purpose, a double seesaw is needed as depicted in Fig.   1 . In another context, the double seesaw was considered in Ref. [9] , where however our attempt of removing the Yukawa coupling dependence was not tried. Also, a kind of U(2) symmetry for dimension-5 neutrino mass operator was considered [10] , which does not belong to our scheme either. To relate Yukawa couplings appearing in the Dirac masses f v and M, we must introduce some symmetry. So let us introduce family quantum number Q F . For each family, let us introduce the following chiral
where N I and n I are neutral SU(2)×U(1) Y singlet heavy neutrinos and l and q are the lepton and quark doublets of the SM. One family is composed of 17 chiral fields, which together with Higgs multiplets can arise from the E 6 GUT with 27 [11] and trinification with (3, 3 * , 1) + (1, 3, 3 * ) + (3 * , 1, 3) [12, 13] .
The SM singlet neutral leptons can have bare masses unless they are forbidden by a symmetry. The lepton number is a good symmetry forbidding their bare masses.
We assign the opposite lepton numbers to l I and N I . For n I , we introduce another independent quantum number, say n-number. l I and N I do not carry the n number.
The symmetry of leptons is SU (2
is a continuous symmetry. To generate fermion masses, let us introduce the usual SU(2)×U(1) Y doublet Higgs field H 2 and SU (2)
Ss. The lepton quantum numbers,
Consistently with the quantum numbers of (2.4), we can write the renormalizable Yukawa couplings involving singlet leptons as
For a family symmetry, we require that f IJ are the same if l, e c , N and n belong to the same family, i.e.
The relation (2.6) for complex Dirac masses can be differentiated in principle from the relation (2.7) for real Majorana masses. But the family symmetry can be achieved by assigning l and n in the same multiplet. Note that the F 2 quantum numbers of l and n in (2.4) are different; thus we interpret F 2 as a U(1) subgroup of a unifying group so that l and n can be put in the same representation of the unifying group.
The double seesaw diagram of Fig. 1 gives neutrino masses. For f 2 to appear in the denominator also, the generic value of M of Fig. 1 must be much larger than those of f v and m. Thus, we require a hierarchy Fig. 1 gives a neutrino mass
where we used (2.6) . With this family symmetry, the neutrino mass matrix is directly proportional to the Majorana mass matrix of heavy n's.
Mixing matrix of light and heavy neutrinos
To fix the MNS mixing matrix U MNS of (1.7), one needs the neutrino mixing matrix U ν obtained from (2.9) and charged lepton mixing matrix U l obtained from (2.1 
n-tuple maximal mixing
The maximal mixing angle in the fit of the atmospheric neutrino data suggests some kind of symmetry. The simple form of mass matrix with the flavor democracy [8] is
which has one heavy and two massless neutrinos. The above flavor democratic form belongs to a special case of permutation symmetry S 3 which has been extensively studied for neutrino masses [14] . The permutation symmetry of three objects, S 3 , is
where {ijk} is a permutation of {123}.
In general, the permutation symmetry of n Majorana neutrinos dictates the following type mass matrix,
With a real r, we obtain for example the eigenvalues of (1 ± r) for n = 2, two (1 − r)
and one (1 + 2r) for n = 3, and two (1 − r) and 1 + r(1 ± √ 2i) for n = 4. Since we will be interested in three families, we do not consider the complication arising from n ≥ 4. For n = 3, there exists a hierarchy of ∆m 2 ij , which is useful in explaining both atmospheric and solar neutrino data. For charged leptons, in general the mass matrix is complex and does not take the form (3.4) .
Diagonalizing (3.4) , we obtain a bi-maximal unitary transformation for the case of n = 2 [15] ,
For n = 3, we obtain a tri-maximal (third column) unitary transformation,
From (3.5) and (3.7) , we try to make a tri-bi-maximal matrix, with one more row and column to be added to (3.5) at our disposal. But with the form (3.7), one cannot obtain a tri-bi-maximal mixing. Using the form (3.7) directly for charged leptons is not correct anyway since the mass matrix m l itself for charged leptons is not Hermitian. We can consider a Hermitian matrix m † l m l for the diagonalization of which one uses the unitary transformation of left-handed charged leptons U l .
Light neutrino mass matrix from heavy neutrino mass matrix
Following the scheme of the previous section, we investigate the mass matrix m (nn) which is proportional to m ν . The diagonalizing matrix of m (nn) will appear in the neutrino mixing matrix. The flavor democratic form for m (nn) (hence also for m ν via the double seesaw) introduces one heavy and two massless neutrinos. Therefore, the S 3 symmetric form (3.4) introduces one heavy neutrino and two massive degenerate neutrinos. If the S 3 symmetry is slightly broken by ǫ n in the degenerate subspace in the following way
the degenerate mass eigenvalues are split into (1 − r ± ǫ n ) and 1 + 2r. Here, the bi-maximal mixing matrix for diagonalizing m (ν) is [15] ,
But the form (3.10) does not depend on the strength of ǫ n [15] . In fact, the mass matrix form (3.9) indicates that the neutrino triplet transforms as a singlet(n 2 ) plus a doublet(n 1 and n 3 ) since the 2 × 2 subspace of m (nn) has the structure of the form (3.9) in this subspace. However, we will treat |ǫ n | ≪ 1 so that two scales of ∆m 2 IJ is obtained such that the atmospheric(2-3 subspace) and solar(1-3 subspace) neutrino data are explained.
So far we discussed the detailed structure of f (nn) in terms of the S 3 permutation symmetry. The form (3.10) can arise from a tiny breaking of the S 3 permutation symmetry. Note that with ǫ n = 0, we recover the S 3 symmetry in the original basis (3.4).
Charged leptons
On the other hand, the mass hierarchy of charged leptons is quite different from neutrino masses, m e ≪ m µ ≪ m τ . Therefore, if S 3 is a useful symmetry, the mass matrix of charged leptons must break S 3 form (3.4) further to have three different masses for charged leptons. Since an S 3 symmetric real mass matrix form (3.4) has a degenerate pair which we try to avoid, we must use a subset of S 3 generators, leading to tri-maximal mixing. One obvious try is the cyclic permutation, i.e. {ijk} of Eq.
(3.3) is a cyclic permutation of (123). Thus, we choose only three elements among six S 3 generators, which is a cyclic permutation in one direction, C 3 ,
( 3.11) Namely, we violate the exchange symmetry among any two indices. Choosing a subset of generators is achieved by the Higgs mechanism, which we will explore in a future communication. Still we have a subset permutation among three in C 3 , there is a possibility of tri-maximal mixing. Taking the following mass matrix for charged leptons, consistently with the cyclic permutation C 3 ,
we have
where A = |a| 2 + |b| 2 + |c| 2 , B = a * b + b * c * + ac.
Indeed, the diagonalizing matrix U l turns out to be tri-maximal [3] ,
where ω is a square root of unity,
Thus, we identify A, B and B * as
Tri-bi-maximal mixing
Now, the MNS mixing matrix can be expressed in terms of U ν and U l ,
From the neutrino mixing (3.10) and the charged lepton mixing (3.14) , thus we obtain
Defining iν 3 as a new mass eigenstate, the desired tri-bi-maximal mixing matrix results
Up type quark masses
The intriguing phenomenological relation θ exp sol + θ exp c ≃ π 4 can be explained only if one relates the lepton and quark sectors, which is the basic principle of GUTs. In the quark sector, both the up and the down type mass matrices are complex. We observe the similarity in the hierarchies of charged lepton masses and Q em = − 1 3 quark masses
Along with charged leptons, therefore, we propose that the complex down type quark mass matrix is C 3 symmetric, leading to three hierarchical masses of 0, ∼ 1 20 and 1. In GUTs, the small discrepancy between charged lepton and Q em = − 1 3 quark masses is explained in various ways, for example by introducing the Georgi-Jarlskog type term [16] .
But for the up type quarks there is a huge hierarchy of 0, 1 150 and 1, due to the very large top quark mass
Here arises a question, "Should we treat the up type quark mass matrix m (u) as interpreting one heavy and two degenerate zero masses or three nondegenerate masses?"
Since any perturbation can add a small addition, it is better to treat the up type matrix m (u) as the first case, namely having one heavy and two zero mass eigenvalues.
In addition to this phenomenological observation, treating Q em = − 1 3 quarks and Q em = 2 3 quarks differently is required to obtain a nontrivial CKM matrix. Then, it is of the same form as m (nn) , but not quite because one is complex and the other is real. The matrix m (u) † m (u) is required to have two zero eigenvalues, which must be done with the S 3 symmetry.
Here we emphasize two aspects: one that the quark mass matrix is complex and another that u quark is almost massless from the outset. Thus we introduce a flavor democratic form or an S 2 symmetric form with r = ±1 in the 2 × 2 subspace with zero entries at the other row and column. This type of mass matrix is
Changing family bases of 1 and 3, we can also use
How this exchange of the 1st and 3rd rows and columns in the up quark sector arises from flavor unifying GUTs belongs to the spontaneous symmetry breaking of the family symmetry, which we do not elaborate here. For an explicit demonstration, we choose the minus sign in Eq. (4.4) and obtain the third eigenvalue as m t with the following diagonalizing unitary matrix
Relating MNS and CKM angles
The MNS mixing matrix and the CKM mixing matrix are given by
In unifying models, U (d) and U l are usually related, U (d) = U l : quark-lepton complementarity (4.7)
If we choose the quark-lepton complementarity relation, the MNS and CKM angles are related by
On the other hand, the SU(5) GUT relation gives
The SU (5) GUT relation can be studied with a specific form of U (u) and/or U ν .
Here, we illustrate our idea with the quark-lepton complementarity, (4.9) . The LHS of (4.9) relates θ c and θ sol . Note that sin θ exp In the same vein, we are interested in the first column of a real form of U MNS which are parametrized by two angles θ sol and ϕ l ,
from which we obtain (U th CKM U th MNS ) 11 = cos θ th c cos θ th sol + sin θ th c sin θ th sol (cos ϕ q cos ϕ l + sin ϕ q sin ϕ l ).
From the tri-bi-maximal form (1.5), we identify cos ϕ l = − 1 √ 2 and sin ϕ l = − 1 √ 2 , giving ϕ l = 5 4 π. So, we obtain cos ϕ q cos ϕ l + sin ϕ q sin ϕ l = cos(ϕ l − ϕ q ) = − 1 √ 2 (cos ϕ q + sin ϕ q ). If ϕ q = 1 4 π, we obtain ϕ q = 1 4 π : (U th CKM U th MNS ) 11 = cos θ th c cos θ th sol − sin θ th c sin θ th sol = cos(θ th c + θ th sol ). (4.13) The question is how accurate ϕ q = 1 4 π is. The particle data book [17] gives U CKM 11 = (0.9739 to 0.9751) and U CKM 13 = (0.0029 to 0.0045), which gives ϕ q ≃ (0.0049 − 0.0065)π. Thus, we have
≃ cos(θ th c + θ th sol ) + 0.034. (4.14) where in the third row we used the experimental value for sin θ th c sin θ th sol [· · · ]. On the other hand, the RHS of (4.9) with (4.5) is
Then, from Eqs. (4.14) and (4.15) , we obtain 4.16) where the accuracy of the sum is 5% in view of Eq. (4.14) , which is a pretty good approximation. Thus, with the quark-lepton complementarity ansatz we obtain the following approximate relation,
Let us note that we obtained (4.17) with the following understanding:
(a) The possible dependence on the heavy neutrino Yukawa couplings is removed by the family symmetry. Here, the double seesaw mechanism is used.
(b) We used the S 3 symmetry categorically differently for Q em = 0, −1, − 1 3 , and 2 3 fermions. In particular, for the up type quarks, we use the mass matrix of the form (4.4) , leading to one heavy and two zero masses.
(c) We obtain the relation θ th c + θ th sol ≃ 1 4 π only approximately.
(d) The above relation is the one given at the GUT scale. quarks are renormalized by the same factor 3, and hence we expect that U CKM is not changed very much by α s . In particular, we use only U CKM 11 which is close to 1 before and after the α s correction [19] .
For m (d) , the most significant change due to the large top quark Yukawa coupling (symbolically represented as Y t ) is expected to arise from the violation of m l = m (d) where m (d) is corrected by large Y t . Both m l and m (d) are expected to take the form (3.12 ) at a quark-lepton complementary scale. The extra correction to m (d) due to Y t is expected to arise from the diagrams of the form given in Fig. 2 , whose strength is estimated roughly as 4.18) which is smaller than 1 20 of Eq. (4.2) . Hence the down type mass category is not drastically changed, and hence the CKM angles are not changed drastically.
Most studies on the correction of MNS angles in GUTs have been performed by studying the running of neutrino masses arising through the dimension-5 operators llH 2 H 2 [18] . Here, one usually assumes a large Yukawa coupling in view of the large top mass. Then, for non-hierarchical neutrino masses the MNS angle is known to go a drastic change, and for hierarchical neutrino masses the correction remains negligible. But in our double seesaw, the needed Yukawa couplings f IJ | ≪ 1. Therefore, we expect that the LHS of (4.9) is not corrected very much by going to the electroweak scale, and hence the sum (4.17) is still valid. Z 3 orbifolds The S 3 symmetry we discuss is expected to arise from a more fundamental theory. In the framework of quantum field theory, we can dictate relevant couplings corresponding to the presumed family symmetry. But it is our hope to obtain the couplings from a more fundamental theory. One example is string theory.
From string theory, a good example allowing the permutation symmetry of 3 objects is the Z 3 orbifold compactification of E 8 × E ′ 8 heterotic string [20] . The Yukawa couplings resulting from a Z 3 orbifold do not know how to distinguish the difference of three objects, leading to the discrete symmetry. The specific forms for Yukawa couplings are the result of spontaneous symmetry breaking of S 3 symmetry. We note that in Z 3 orbifolds, the sin 2 θ W problem hints toward a trinification model [13] , in which we will explore a realization of the mass matrices discussed here in a future communication.
Conclusion
In this paper, we use the family symmetry S 3 which is dictated to be realized differently for Q em = 0, −1, − 1 3 , and 2 3 fermions. We introduce two types of heavy neutral leptons n and N with two additional continuous symmetries F 1 and F 2 . To discuss neutrino masses just from the symmetry principle, it is suggested to use the double seesaw mechanism so that the Yukawa couplings of N and lepton doublets are removed. The double seesaw diagram of Fig. 1 removes the Yukawa coupling dependence if VEVs of singlets have a hierarchy S 2 ≫ S 1 ≫ H 2 . Then one obtains a direct proportionality between the neutrino mass matrix and the n type Majorana mass matrix, viz. Eq. (2.9). Now it becomes possible to discuss just the mass matrices, and we note that neutrinos, charged leptons, and Q em = − 1 3 , 2 3 quarks have distinct patterns of mass hierarchy. In the S 3 symmetric scheme, the mass matrix forms of n, charged leptons and Q em = − 1 3 , 2 3 quarks are dictated to be realized to conform with the observed mass patterns. These different patterns are the source of nontrivial MNS and CKM angles. A realization of these different patterns is expected to result from spontaneous symmetry breaking of family symmetry. In quark and lepton unification models, some of these angles can be related. In this paper, we studied the quark-lepton complementarity to relate the charged lepton type mixing matrix and the down type quark mixing matrix. The SU(5) GUT type relation is also possible, for which however the resulting relation is not so simple. Finally, we also suggested a way to understand the approximate relation θ th c + θ th sol ≃ π 4 .
